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Isospin is an approximate symmetry in atomic nuclei, arising from the rather similar
properties of protons and neutrons. Perhaps the clearest manifestation of isospin within
nuclei is in the near-identical structure of excited states in mirror nuclei: nuclei with
inverted numbers of protons and neutrons [1]. Isospin symmetry, and therefore mirror-
symmetry, is broken by electromagnetic interactions and the difference in the masses
of the up and down quarks. A recent study by Hoff and collaborators [2] presented
evidence that the ground-state spin of 73Sr is different from that of its mirror, 73Br,
due to an inversion of the ground- and first-excited states, separated by only 27 keV
in the 73Br system. In this brief note, we place this inversion within the necessary
context of the past half-century of experimental and theoretical work, and show that
it is entirely consistent with normal behaviour, and affords no new insight into isospin-
symmetry breaking. The essential point is that isospin-breaking effects due to the
Coulomb interaction frequently vary from level to level within a given medium-mass
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nucleus by as much as 200 keV. Any level splitting smaller than this is liable to manifest
a level inversion in the mirror partner which, absent disagreement with an appropriate
nuclear model, does not challenge our understanding. While we note the novelty of an
inversion in nuclear ground states, we emphasize that in the context of isospin there is
nothing specifically illuminating about the ground state, or a level inversion.
A great deal of experimental work has been performed in mid-mass nuclei [3–7],
in an effort to understand isospin-symmetry breaking through energy shifts in mirror
nuclei. We employ the data generated from that work to understand the magnitude
of normal isospin-breaking effects. (By “normal” we mean consistent with the scale
of the leading isospin-breaking terms in the Hamiltonian.) We define E12 as the en-
ergy difference between two states in a given nucleus. The relevant quantity for state
inversion in the mirror nucleus is the difference
δE12 = E
N>Z
12 − EN<Z12 , (1)
where N and Z are the neutron and proton numbers, respectively. If δE12 is negative
and larger in magnitude than the level spacing in the neutron-rich partner, EN>Z12 , an
inversion will occur. The question is how common such an inversion might be.
Taking the available experimental data for odd-odd and odd-mass mirror pairs be-
tween A=19 and A=59, panel (a) of Fig. 1 shows the energy splitting between the
states in the N>Z nucleus, EN>Z12 plotted against δE12. States at or beyond the
proton-separation energy are excluded from the analysis to avoid significant contri-
butions from weak binding. The dashed line shows EN>Z12 = −δE12, indicating the
δE12 required to overcome the energy splitting between the states. Twenty-four of the
508 state combinations satisfy |δE12| > EN>Z12 , of which nine undergo an inversion in
transforming between the N>Z and N<Z systems.
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Figure 1: (Top) Experimental (a) and Woods-Saxon theoretical (b) energy splitting
(EN>Z12 ) of the states in the N > Z nucleus plotted against δE12. Dotted lines indicate
EN>Z12 = −δE12. Points below the lines result in a state inversion in translating to
the N < Z nucleus. (Bottom) Experimental (c) and theoretical (d) projections of (a)
and (b), respectively. The experimental data are separated into like- and opposite-
parity pairs. The theoretical calculations can only produce like-parity pairs. As shown
schematically in the insets to (d), the effect of a negative δE12 is to compress and
potentially invert the level spacing in the N<Z nucleus, while a positive value causes
their spacing to expand.
3
The histogram in panel (c) of Fig. 1 shows the same δE12 values, demonstrating that
positive and negative values are approximately equally likely, with a characteristic scale
of 100-200 keV. Notably, there is a concentration of cases around δE12 = 0, indicating
a similar energy difference between different IAS in the mirror pair. One possible
explanation for this effect is that the two IAS have a similar underlying structure (e.g.
they are members of the same rotational band), and thus experience similar changes
in the transformation between mirror nuclei. In fact, we may expect that the data is
biased towards states within the same rotational band, as such states are more likely
to have a firm spin assignment. This would not impact our conclusions. Qualitatively,
we assume the states of different parity within a given mirror pair will have somewhat
different structure, and would therefore behave differently when transforming between
mirror nuclei. The experimental data fit well with this description: IAS-pairs with the
same parity tend to have a significantly smaller |δE12|, while pairs with opposite parity
typically experience larger splittings of 100-200 keV.
Thus far we have relied entirely on experimental data, and one could imagine some
exotic symmetry-breaking effects lurking in that same data. Panels (b) and (d) of Fig. 1
show the result of shell model calculations of EN>Z12 and δE12 for |N − Z| = 1, 3, 5
mirror pairs in the sd and f7/2 shells. We employ the code NuShellX [8] and the
phenomenological USDB [9] and GXPF1A [10] interactions, which conserve isospin.
To compute δE12, we evaluate the Coulomb potential
e2
r
in first order perturbation
theory. In general, the single-particle wave functions of phenomenological shell model
interactions are not specified, and so we explore two choices. In the first, labeled HO, we
take harmonic oscillator wave functions with frequency h¯ω = 45A−1/3 − 25A−2/3 MeV
[12]. In the second, labeled WS, we use eigenstates of a Woods-Saxon potential [13]
V (r) =
(
V0 + V1
N−Z
A
)
f(r)+V`s
r0
h¯2A1/3
〈`·s〉 d
dr
f(r)+VC(r). We diagonalize the one-body
Hamiltonian in a basis spanned by 21 major harmonic oscillator shells, employing the
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Figure 2: Calculated probability that a pair of states with energy difference EN>Z12
will invert. Probabilities are shown for like- and opposite-parity pairs, as well as for
the shell-model results. Assuming strong correlations between states within a nucleus,
relative uncertainties are calculated as
√
Np/Np, where Np is the number of mirror-
systems that exhibit same- and opposite-parity pairs. Also shown are two examples
of observed splittings due to isospin-symmetry breaking phenomena: the 2− and 1−
states in 16F-16N, and the 1/2+ and 1/2− states in the 13N-13C mirror pair [14,15]. The
27 keV energy splitting in 73Br is highlighted. We also indicate other likely cases for
ground-state inversion, but emphasize that these inversions would not provide more
insight than any other mirror energy shifts with regards to isospin-symmetry breaking.
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same oscillator frequency as in the HO case. The function f(r) =
[
1 + exp( r−R0
a
)
]−1
is
the standard Woods-Saxon form, and VC(r) is the Coulomb potential due to a uniformly
charged sphere of radius R0. We take V0 = −50 MeV, V1 = −33 MeV, V`s = −20
MeV, r0 = 1.25 fm, a0 = 0.65 fm, R0 = r0A
1/3. As with the experimental data, the
theoretical data were required to have excitation energies below the proton-separation
energy. It is clear that the Coulomb interaction is sufficient to produce the distribution
of δE12 values. From a point-by-point comparison the WS choice has a root-mean-
squared (rms) deviation from experiment of 53 keV, as compared to 88 keV for the HO
choice, while the rms deviation between the two methods is 74 keV. This highlights
the difficulty of extracting information about isospin-symmetry breaking forces from
individual level shifts (especially small ones) due to ambiguities in the single-particle
behaviour. On the other hand, both methods produce very similar δE12 distributions.
In the A=73 pair [2], the ground- and first-excited states are described as belonging
to different, near-degenerate intrinsic shapes. It is not unreasonable to expect that the
behaviour of these states will more closely resemble that of IAS-pairs with differing
parity in Fig. 1 than those of like-parity. To estimate the likelihood of a pair of IAS
undergoing an energy inversion, Fig. 2 shows the probability that a pair of states will in-
vert based on the data in Fig. 1. Approximately 35 % of like-parity IAS-pairs separated
by 27 keV would be expected to invert. The same probability distribution is calculated
based on the shell-model calculations and reproduces the like-parity distribution well.
Figure 2 also shows two famous cases of additional isospin-symmetry breaking phe-
nomena, both arising in unbound states [14–16], with one resulting in the only other
known case in which the ground states of a mirror pair differ. Both of these cases
significantly exceed the distribution of data shown in Fig. 1, demonstrating that there
is a need to invoke additional isospin-symmetry-breaking effects (weak binding in these
cases).
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In summary, we have analysed energy shifts in pairs of isobaric analogue states
(IAS) in mirror nuclei. We find that differences in shifts between pairs of IAS of greater
than 27 keV are common, occurring in approximately 35 % of cases. The inversion of
ground- and first-excited-state observed in the recent study [2] of 73Sr-73Br lies well
within the bounds of “normal” Coulombic isospin-symmetry-breaking behaviour and,
in the absence of reliable model-predictions contradicting the inversion, requires no
additional, exotic symmetry-breaking effects. Finally, we emphasise that state inver-
sions (ground-state or otherwise) provide no more information about isospin-symmetry
breaking than any other mirror-energy shift, of which many hundreds have been ob-
served.
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